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Abstract. The article gives a necessary and sufficient condition 
for a Frobenius manifold to be a CDV-structure. We show that 
there exists a positive definite CDV-structure on any semi-simple 
Frobenius manifold. We also compare three natural connections 
on a CDV-structure and conclude that the underlying Hermitian 
manifold of a non-trivial CDV-structure is not a Kahler manifold. 
Finally, we compute the harmonic potential of a harmonic Frobe- 
nius manifolds. 



0. Introduction 

Cecotti and Vafa pQ |1] considered moduli spaces of = 2 super- 
symmetric quantum field theories and introduced a geometry on them 
which is governed by the tt*-equations. By the work of K. Saito 
and M. Saito, it was previously known that the base space of a semi- 
universal unfolding of a hypersurface singularity can be equipped with 
the structure of what is now called a Frobenius manifold, after [5j . By 
the work of Cecotti and Vafa it can be equipped with tt* geometry 
if the singularity is quasi-homogeneous, tt* geometry generalizes the 
notion of variation of Hodge structures. Inspired by the papers [5], 
[T] and [1], C. Hertling combines these two structures together into a 
structure which he calls a CDV-structure. 

The purpose of the first part of this article is to give a necessary and 
sufficient condition for a Frobenius manifold to be a CDV-structure. 
This condition plays an important role in constructing examples of 
CDV-structures, and in the existence CDV-structures on any semi- 
simple Frobenius manifold. The purpose of the second part of this 
article is to compare three natural connections on a CDV-structure and 
conclude that the real structure k cannot be flat and the underlying 
real (1, l)-form of a nontrivial semi-simple CDV-structure can not be 
a symplectic form. In particular, the underlying Hermitian manifold 
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of a nontrivial semi-simple positive CDV-structure cannot be a Kahler 
manifold. 
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1. Frobenius manifold and tt* geometry 

In this section we recall the notion of a Frobenius manifold and 
CDV-structure. This will mainly serve to fix notation. 

1.1. Saito structure and Frobenius manifold structure. Frobe- 
nius manifolds were introduced and investigated by B. Dubrovin as 
the axiomatization of a part of the rich mathematical structure of the 
Topological Field Theory (TFT): cf. P [3 [9] 

A Frobenius manifold (also called Frobenius structure on M) is a 
quadruple (M, o, e, S). Here M is a manifold in one of the standard 
categories (C°°, analytic, ...), g is a metric on M (that is, a symmetric, 
non-degenerate bilinear form, also denoted by ( , )), o is a commutative 
and associative product on Tm and depends smoothly on M, such that 
if V denotes the Levi-Civita connection of g, all subject to the following 
conditions: 

a) V is flat; 

b) g{X oY,Z) = g{X, Y o Z), for any X,Y,Z e TM. 

c) the unit vector field e is covariant constant w.r.t. V 

Ve = 0; 

d) Let 

c{X,Y,Z) ■.= g{XoY,Z) 
(a symmetric 3-tensor). We require the 4-tensor 

{yzc){u,v,w) 

to be symmetric in the four vector fields V, W, Z. 

e) A vector field S must be determined on M such that 

(1.1) V(V^)=0; 

(1.2) Ce{o)=o; 

(1.3) C£{g)=D-g. 

Remark 1.4. In this definition, because the metric g is fiat and the unit 
field e is covariant constant w.r.t. V, then (11.31) imphes (11.11) . 
Good reference is the last chapter in [TO] . 

There are several equivalent ways to describe a Frobenius structure. 
One way, called Saito structure, is recalled here: 
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Definition 1.5. Let M be a complex analytic manifold of dimension m. 
A Saito structure on M (without metric) consists of the following data: 

1) a flat torsion free connection V on the tangent bundle Tm', 

2) a symmetric Higgs field $ on the tangent bundle Tm, that is, 
$ is an OM-linear map $: ©m — ^ ® ©m such that 



3) two global sections (vector fields) e and £ of ©m, respectively 
called unit field and Euler field of the structure. 

These data are subject to the following conditions: 

a) the meromorphic connection V on the bundle t^*Tm on x M 
defined by the formula 



is integrable; 

b) the field e is V-horizontal (i.e., Ve = 0) and satisfies $e = — M 
(i.e., the product o associated to $ has e as a unit field). 

Definition 1.6. Let M be a complex analytic manifold of dimen- 
sion m. A Saito structure on M with metric consists of a Saito struc- 
ture (V, $, e, £) and of a metric g on the tangent bundle, satisfying the 
following properties: 

(1) V(7 = (hence V is the Levi-Civita connection of g)\ 

(2) $* = $, i.e., for any local section X of ©m, = ^x, where * 
denotes the adjoint w.r.t. g; 

(3) there exists a complex number d G C such that 



Proposition 1.7 ([Hllin])- On any manifold M , there is an equivalence 
between a Saito structure with metric and a Frobenius structure. 

Locally, given a Frobenius manifold structure on open subset U C 
C™', then we can find a function F = F{t), t = {t^,t'^, . . . ,t"^), such 
that its third derivatives 




+ (V^)* = (2 - rf) ■ Id; 



dF 



ijk ■ 



dPdPdt^ 



satisfy the following equations 
1) Normalization: 

Qij ■ ^lij 

is a constant non-degenerate matrix. Let 
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2) Associativity: the functions 

I 

define a commutative and associative algebra on TtM by 

k 

3) Homogeneity: Tlie function F must be quasi-homogeneous, i.e., 

CgF = dp ■ F + quadratic terms, 

where S = Yli jWi'^^ + and dp E C 

If the eigenvalues of VS are simple, then the Euler vector field can 
be reduced to the form 

£ = ^difdp + ^ Tjdp. 

i j\dj=0 

where all rj are complex numbers, and all di are the eigenvalues of VS. 
Moreover, if g{e, e) = 0, we have 

Proposition 1.8 ([6J). Let M be a Frobenius manifold. Assume that 
g{e,e) = and that the eigenvalues of VS are simple. Then by a 
linear change of coordinates ti the matrix gij can be reduced to the 
anti-diagonal form 



(1-9) gij — Si+j^m+i] 

(1.10) e = dti.. 

and in these coordinates 

(1.11) F{t) = ^(t')'t" + ^(t')' Yl i'f'^^ + f(f^ ^^ • • • . ^")- 

i 

for some function, the sum 

di + dm-i+l 

does not depend on i, and 

dp = Idi -\- C^m- 

// the degrees are normalized in such a way that di = 1 then they can 
he represented in the form 

di = 1 — qi] dp = 3 — d, 

where qi,q2, ■ ■ ■ ,qm,d satisfy 

qi = 0, qm = d, qi + qm-i+i = d. 
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So, under the assumption of Proposition ll.8[ we can choose a flat 
holomorphic local coordinates t^,t'^, ... ,t"^ of M such that gij = Si+j^m+i, 
e = dti and 



(1.12) S = ^dit'dtr + r'dp] 

i i\di=0 

(1.13) di = l; 

(1.14) di + d^+i_i = 2 - d; 

(1.15) dF = S-d. 



1.2. CV-structure. In |8] Hertling considers the notion of a CV- 
structure on any vector bundle K — > M. He also considers the 
notion of a CDV-structure on a manifold, which is a CV-structure on 
the tangent bundle of a Frobenius manifold M satisfying some com- 
patibility conditions. We now recall these structures and their basic 
properties. 

Definition 1.16 (|H])- Let M be a complex analytic manifold. A 
i^CC-structure is a C°° vector bundle K ^ M together with a con- 
nection D on it and two C^-linear maps 

C : C^iK) ^ A];^ ® C^iK); 
C : C^{K) ® C°°{K) 

with the following properties. Let D' and D" be the (1, 0)-part and the 
(0, l)-part of D, then 



(1.17) (C + d")2 = 0,(C7 + D')' = 0; 

(1.18) D'{C) = 0,D"{C) = 0; 

(1.19) D'D" + D"D' = -{CC + CC). 

Remark 1.20. a) In this definition, the equations f ll.lSp and fll.lQp 



are called tt*-equations in [U |3]. 
b) by f ll.l7p . we have a family flat (0, l)-connections D" + zC on 
K for any z & C, so K comes equipped with a family of holo- 
morphic structures. 

Definition 1.21 ([8j). Let M be a complex analytic manifold. A 
CV-structure is a quadruple {K —>■ M, D,C,C, k, h,U, Q) such that 
{K M, D, C, C) is a DCC-structure, and the other objects have the 
following properties: 
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a) K is a fiberwise C-anti-linear automorphism of K as a C°°- bun- 
dle with 



;i.22) 
;i.23) 
;i.24) 



K 

kCk 



Id; 

0; 

C. 



(1.25) 
(1.26) 
(1.27) 

(1.28) 
(1.29) 
(1.30) 
(1.31) 
(1.32) 
(1.33) 
(1.34) 



h) h is a Hermitian pseudo-metric on K; that is, it is hnear on 
the left, semi-linear on the right, non-degenerate, and satisfies 
h{b,a) = h{a,b). It also has the three properties: 

h takes real values on Kjs^ := ker(/« — Id) C K; 

h{Cxa, b) = h{a, C^b) for a, b e C°^{K), X e T^f; 
D{h) = 0. 



U and Q are C^-linear endomorphism of K with 

[CM] = 0; 
D'{U) -[C,Q]+C = 0; 

D"{U) = 0; 
D\Q) + [CkUk] = 0; 

kQk+Q = 0; 
h{Ua, b) = h{a, td^nb); 
h{Qa,b) = h{a, Qb). 



Remark 1.35. Given any CV-structure {K — > M, D,C,C, k, h,Uy Q), 
if h is positive, then {K —>■ M, D,C,C, k, h,U, Q) is called positive 
CV-structure, denote by CV©-structure. 

If we combine the Frobenius manifold structure and CV-structure 
together, then we get the following structure. 

Definition 1.36 (0). Let M be a complex analytic manifold. A CDV- 
structure on M is a CV-structure {T^j'^^ — > M, D,C,C, K,h,h{, Q), 
together with a Frobenius manifold structure {M,o,e,£, g) such that 
CxY = -XoY,S = W(e), and 

Q = De-Cs-^ld, 

for some G M and such that the following equivalent conditions hold 

(1.37) De-Ce = 0; 

(1.38) ^ D^e = 0; 

(1.39) ^ Ce{h) = ^ C^{h) = 0; 

(1.40) ^ Cein) = ^ Ce{K) = 0. 
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Given a Frobenius manifold, giving a CDV-structure on it amounts to 
giving a real structure on satisfying some compatibility conditions 
made precise in the following proposition. 

Proposition 1.41 ([8j). Let M be a complex analytic manifold. A 
CDV-structure on M is a Frobenius manifold {M,o^e^S, g) together 
with a real structure on '7^^^'°^ given by a fiber-wise C-anti-linear invo- 
lution K, : T^^j'^^ —>■ T}^'^^ such that the following holds: 

(1) Extend g to the complex bundle The form h := g{-,K-) 
is a Hermitian pseudo-metric and satisfies 

(1.42) h{CxY, Z) = h{Y, kCxkZ), for X,Y,Ze Tm; 

(1.43) CeW = 0; 

(1.44) C,_^ih) = 0; 

(2) The metric connection D on Tj^^'^^ fork respects k, i.e. D{h) = 
and D{k) = 0. 

(3) The number d such that ^^{g) = (2 — d) ■ g is real. 

(4) Let Q be the endomorphism of T^j''^^ as real analytic complex 
vector bundle defined by 

and let n : C X M M be the projection. Lift D and Q 
canonically to 'n-*T^^'^K Then 

V^^ ■.= D + -C + zkCk +(-U-Q- zkUk) — 
z \z / z 

is a flat meromorphic connection on 7r*7^^^^'°'*|c*xM- 

1.3. Kahler manifolds. We recall classical results in order to fix nota- 
tion (see e.g. [I3]). Any complex analytic manifold M comes equipped 
with an almost complex manifold (Mr, J), where is the underlying 
real manifold of M, and J is the complex structure induced by i. We 
get two complex vector bundles on Mk: on one hand, {Tj^'^\i) is a 
complex vector bundle on Mr; on the other hand, (Tjv/r, J) is another 
vector bundle, where is the real tangent bundle of Mr. These two 
complex vector bundles are isomorphic. Let us recall the isomorphism. 

Let 2^, 2;^, . . . , be a system of holomorphic local coordinates on 
M, and set 

z^ = + iy\ 

Then x^, . . . ,x"^,y^, . . . ,y"^ is a system of real local coordinates of Mr 
and 

dzi = -{d^j - idyj). 



8 



JIEZHU LIN 



On Tmr, J is determined by 

J d^j = dyj , Jdyj = - d^j , Vj. 
Define a map IZe as follows: 

7^e:(T£'°^^)^(TM«,J), 

ne{d^j) := ((9^,), ne{id^,) := (dy,), Vj. 

We note that the map TZe defined above is an isomorphism of real 
vector bundles on Mjr, and satisfies 

TZe o i = J o TZe, 

where o is the composition of endomorphisms. So it is an isomorphism 
of complex vector bundles. 

Moreover, TZe induces a dual isomorphism 

TZe* : — > ^m'^K dx^ ^ dz\ dy^ ^ —idz\ Vj. 

So we have an induced isomorphism from IZe and lZe*~^: 

TZe := TZe ® TZe*'' : 4^'°^ ® Ti/'^^ ^ ® Tm^. 

Any Hermitian pseudo-metric h on M can be decomposed as 

h = g — iuj, 

where 'g (resp. — cD) is the real part (resp. imaginary part) of h. Then 
^ is a Riemannian pseudo- metric (that is, a symmetric, non-degenerate 
bilinear form) and tD is a real (1, l)-form on Mk. (M]R,a;) is called a 
symplectic manifold if c/tD = 0. (M, h) is called Kahler if dcD = and h 
is positive-definite. The Levi-Civita connection of {TM^,d) is denoted 
by V, and the Chern connection of {TI^j'^\ h) by D'. 

Theorem 3.13 in [13] gives a characterization of Kahler metrics: h 
is Kahler if and only if the Chern connection D' and the Levi-Civita 
connection V coincide on T^'^\ identified with Tm^ via the map TZe. 
That means 

(1.45) TZe{D'V) = VTZe{y), VI/ G T^^'°^. 

2. Main results 

We first give a simple necessary and sufficient condition on a real 
structure k to produce a CDV-structure on a Frobenius manifold M. 

Theorem 2.1. Let (M, g, o, e, £^) he a Frobenius manifold, and let k, be 
an anti-linear involution ofT^^'^^^ such that h{a,b) := g{a,Kb) satisfies 
h{a, b) = h{b, a) . Let us denote by = D' + d the Chern connection 
of h and by d the real number such that C^lg) = (2 — d)g. Let us set 
Q:= D'^-Cs-^-ld and let us define $ by ^xY := -X o Y. We 
also denote by and $"1" the h-adjoints of Q and $. 
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Assume moreover that 

(2.2) Q = Qt; 

(2.3) £>'($) = 0; D'9 + aD' = -($A$^ + $^ A*). 

Then {M,g,o^e^S,K) is a CDV-structure. 

Clearly, the assumptions of Theorem 12.11 are necessary to get a CDV- 
structure. When a Frobenius manifold is trivial (cf. Definition 12.51 be- 
low), we can find the discussion of the Hermitian metric in Dubrovin's 
paper [5]. As a consequence, we show that CDV ©-structures exist on 
all semi-simple Frobenius manifolds by giving an explicit example: 

Theorem 2.4. Let (M, g, o, e, £) he a semi-simple Frobenius manifold. 
Let (u^jU^, . . . , u^) he a system of canonical local coordinates of M and 
let rj be the associated metric potential. Define a matrix K of functions 
on M by 

A-:=diag(M,M,...,M), 

V r]i r]2 rjm ' 

Let K : TJ^/'°'' be the C anti-linear endomorphism defined by 

Then (M, g, o, e, S, k) is a CDV® -structure on M with Q = 0, and 
h = diagdr^il, |?72|, . . . , \r]m\). 

Moreover the connection forms uj^ := '^^dha'y ■ h"*^ for the Chern 
connection of h are holomorphic and the matrix uj = (tuf ) is given by 

'drji dri2 dr]„ 



UJ = diag 



.2r]i 2r]2 2r]„ 

In the second part of this article we compare three natural con- 
nections on a non-trivial CDV-structure. Given any CDV-structure 
{T^'^^ — > M, g, o^e,S, k) on a complex analytic manifold M, we have 
three connections on the tangent bundle. The first one is the Levi- 
Civita connection V for g, which is a holomorphic connection, that we 
extend to a (1, 0)-connection on Tj^/'^^ The second one is the Chern 
connection D' with respect to h, where h is defined above by g and k, 
which is also a (1, 0)-connection on T^'^\ The third one is the Levi- 
Civita connection V of the Riemannian pseudo-metric Tj (cf. §1.3p . that 
we consider as a (1, 0)-connection on 7^/ by using (11.451) as the defi- 
nition. 

Definition 2.5. A Frobenius manifold (M, g, o, e, £) is said to be trivial 
if, locally, the potential function is a polynomial of degree three when 
expressed in some holomorphic V-flat local coordinates t^, . . . , t™. 

A CDV-structure (resp. a CDV ©-structure) is non-trivial if the un- 
derlying Frobenius manifold is non-trivial. 
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We have the following easy criterion for triviality. 

Lemma 2.6. Let {M,g,o,e,S) be a semi-simple Frohenius manifold. 
Assume that any system of canonical local coordinates is flat. Then the 
semi-simple Frohenius manifold is trivial and, for any such system of 
coordinates, the potential rj of the metric relative to this system, defined 
by g{duc, du^) = drj/du^ (a = 1, . . . ,m), is linear in the coordinates up 
to an additive constant. □ 

We first show that V and D' do not coincide on a non-trivial semi- 
simple CDV-structure. 

Theorem 2.7. Let {M,g,o,e,£) be a Frobenius manifold. Suppose 
that there exists a anti-linear involution k, such that (M, g, o, e, S, k) 
is a CDV-structure. 

(1) The following properties are equivalent: 

(a) K is V-flat, 

(b) D' = V. 

(2) If these properties are satisfied and (M, g, o, e, S) is semi-simple, 
then any canonical local coordinate system [u^ , u"^ , . . . , u"^) of 
{M,g,o,e,£) is V -flat and Q = 0. In particular, the semi- 
simple Frobenius manifold is trivial. Moreover, if{M, g, o, e, S, n) 
is a CDV®- structure, in any such system of coordinates, the 
matrices of k and h are expressed as in Theorem\2.4 



Let us check that l2.7l (fT]) holds. Because n defines a CDV-structure, 
we have D[k) = 0, that is, D'{k) = and (9(k) = 0. 
If = V, we have 

(V + a)(/€) = + =0. 

Conversely, if k is V-flat, then (V -|- d){K,) = and 

Vk = nd = D'k 



However, k is an involution of T^/ ' , hence 



-(1,0) 
M ; 

D' = V. 



Corollary 2.8. For any non-trivial semi-simple CDV-structure, we 
have D' ^V. □ 

Corollary 2.9. For any non-trivial semi-simple CDV-structure, the 
Chern connection D' is not torsion-free. 

Proof. Assume that D' is torsion-free. Because of the relation D' (g) = 0, 
which is deduced from relations fll.23p and fll.27p in the definition of a 
CDV-structure, we conclude that D is the Levi-Civita connection oi g. 
So we have D = V, in contradiction with corollary 12.81 □ 

We will also compare D' and V with the Levi-Civita connection V 
of the Riemannian pseudo-metric ^ (cf. §1.31) . 
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Theorem 2.10. Let (M, g, o, e, S, k) he a non-trivial, semi- simple CDV- 
structure. Then 

(1) uj is not a symplectic form on Mr. Moreover, if (M, g, o, e, S, k) 
is a CDV®- structure, then the underlying Hermitian manifold 
(M, h) is not a Kdhler manifold. 

(2) the three connections V, -D', V are pairwise distinct (after the 
identification of Tlj'^^ withTM^ via TZe). 

In [12], Atsushi Takahashi shows that the matrix /i of a CDV©- 
structure of dimension two with d 7^ is diagonal when expressed in 
holomorphic V-flat local coordinates. In dimension bigger than two, 
we show that the opposite conclusion holds. 

Corollary 2.11. Let (M, g, o, e, S, k) he a non-trivial, semi-simple CDV- 
structure. If dime M > 3, then for any V-flat holomorphic local coor- 
dinates t^,t'^, . . . ,t"^, the matrix {hij) cannot he diagonal. 

3. Proof of the theorems 

3.1. Necessary and sufficient condition: proof of Theorem 12.11 

In this subsection, we will use a system of holomorphic V-fiat local 
coordinates t^, t^, . . . , t"* of the Frobenius manifold. We will then use 
the following notations: 

(3.1) K{dp) = ^Kikdtk, 

k 

(3.2) ^e,M.) = -J2^^'%, 

k 

(3.3) <l>lid,,) = -Y,C^)%.. 

k 

If we define Cj-,-^ by 

k 

then we have 

Because of h[X, Y) = g{X, kY) and $* = $, we have, for all X, Y, 

h{X, ^^Y) = /i($X,r) 
= g{<^X,^Y) 
= h{X, k^kY), 



that is, 



12 



JIEZHU LIN 



This is expressed by C^*) = K ■ C^*) ■ K, i.e., 

, — /j 

p,g 

Let Dh be the Chern connection of h and let := J2k ^^ik ■ be 
the connection forms for D' in the local holomorphic V-flat coordinates 
f. 

Proof of Theorem \2.1[ We just need to prove that 

(Ti;'°) ^ M, D;,, $, <l>t, K, h, U := ^o, Q) 
is a CV-structure and 

D'^e = 0. 

Firstly, we will prove that 

D{k) = 0, 

which is given by the following two lemmas. 

Lemma 3.4. If h{a,b) = g{a,K,b) and = Id hold, then we have 

h-' = g-'-h-g-\ 
Proof of Lemma \3.4\ If h{a, h) = g{a, nb), then 

hij ^ ^ ^jk ' 9kii 
k 

where K is the matrix of n given by (13. ip and hij = h{dti, dti), that is, 

h' = K-g. 



But h satisfies h{Y,X) = h{X,Y), so 

h = h^ = K-g, 

i.e., 

K = h-g-\ 

and thus 

_ h-' = g-'-K~'- 
Now we will compute K . 

dt^ = KK{dti) = K[j^Kik- dtk^ = ^ KikK{dtk) = ^Kik- K^i ■ d^, 

/c /u • / 

that is 

k,l 

So we have 

K-K = K-K = Im>,m. 

i-e., 

fs:"^ = K. 
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Therefore, 

h-^ =g-^ -K'^ = g-^ ■ K = g-^ -h- g-\ □ 
Lemma 3.5. Under the assumptions of Theorem \2.1[ we have 

DM = 0. 

Proof of Lemma \3.5[ By definition -D/i(/«) = is equivalent to 

D'^K = Kdx, VX G Qm 

This is equivalent to 

Clearly, the right-hand term is zero, hence proving Dh{K) = amounts 
to proving 

(3.6) OK + K -00 = 0. 

From Lemma [3.41 we get 
uj = dh ■ 
= {dK-g)-{g-'-h-g-') 
= dK-h-g~^ 
= dK-^ -h-g'^ 
= -K~^ ■ dK ■ K-^ -h- g-^ 
= -K -dK-K-h-g-^ 
= -K-dK 
= -K-^ ■ dK, 

and thus, 

uj + K-^-dK = 0, 
which gives fl3.6p . □ 

Let us continue the proof of Theorem 12. II Having proved D{k) = 0, 
we obtain 

(D'^K = D'kB = kB^ = 0, 
and since k is an involution, we deduce 

{D'f = 0. 

So, together with the assumption (12. 3p . we conclude that {D^ + $ + 
$t)2 = 0. Hence (T^/'"^ ^ M, Dh, $, $t) ig a (DCC)-structure. 

The relations (O^ . (04l) . (fOBl) . (OHl) . (OTll . (OHll and (OOll 
hold obviously. 

The relation (fLSHl) follows from = 0. In fact, if = 

holds, we have D'xi^s) - D'^i^x) - ^[x,£] = for any X G Qm- So 
— [$, Q] + $ = is equivalent to ^^(o) = o, which is part of the 
assumption that M is a Frobenius manifold. 
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We will show that relation fll.3ip can be deduced from the assump- 
tion Q = and (1^ . 

Lemma 3.7. Under the assumptions of Theorem \2.1\ we have 

D\Q) + [^,kUk] = 

Proof of Lemma 3. 7 We first show that, under the conditions of The- 
orem 

(3.8) - [$, kUk\ = D'^] + {D' + VX e Gm. 

In fact, D''d + dD' = -($ A + $t A $) holds, so we have 



(1,0) 
M ■ 



{D'd + dD'){xx) = A^i' + ^i" A$)(x,r), vx,r G 

That is. 

Take F = then 

This relation is linear with respect to X, so it holds for all X G T^'^'^ 
if and only if it holds for all X G 0m, hence (13.81) . 
Now we will prove the lemma by proving 

(3.9) D'{Q) = D'^] + {D' + 9)[^,j], VX G Qm- 
Under the assumptions of the theorem, we have Q) = Q, that is, 

h{QX,Y) = hiX,QY), WX^YeQM. 
So WW E Qm we have 

dwh{QX,Y) = h{D'^QX,Y), 

dwh{X, QY) = h{D'^X, QY) + h{X,d^QY), 

So we get 

h{D'^QX,Y) - hiD'^X, QY) = h{X,d^QY), 

i.e., 

(3.10) h{D'y^QX - QD'^XX) = h{X,d^QY) = h{X,d^D',Y), 
Claim 1. h{X,dy^D'X = h(d-^D{yX,Y), VX, F, G Qm- 

In fact, 

djh{X,Y) = h{X,D',Y) 

So 

dwdjh{X, Y) = dwh{X, D'X 

= h{D'^X, D',Y) + h{X, d^D'.Y) 
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Similarly, we have 

djdwh{X,Y)=djh{D'^X,Y) 

= h{D'^X, D',Y) + h(djD'^X, Y) 

Since G 6a/, we get 

dwdjh{X, Y) = d-^dwh{X, Y), 

hence 

(3.11) hiX,dj^D',Y) = h{d^D'^X,Y). 

The relations (13.101) and (13. lip imply 

h{D'^{Q)X, Y) = h(djD'^X, Y) = /i([% y), VX, Y,Ye Qm- 

Because h is non-degenerate, 

D'wiQ) = [% D'^] = [% D'^] + (D' + Viy e Gm, 

hence (13. 9p , and this ends the proof of Lemma 13.71 □ 

Let us continue to prove the theorem 12.11 
Claim 2. Dhin) = ^ D'{g) = 0. 

We just prove Dh^n) = =^ D'{g) = 0, the other direction holds 
similarly. 

Since D is the Chern connection of h, we have 

dh{X,Y) = h{D'X,Y) + h{X,dY),\/X,Y e T^'^l 

If Dh{K) = 0, by h{X, Y) = g{X, kY) and = Id we get 

dg{X,Y) =dh{X, kY) 

= h{D'X, kY) + h{X,dKY) 
= h{D'X, kY) + h{X, kD'Y) 
= g{D'X,Y)+g{X,D'Y), 

i.e. 

D'{g) = 0. □ 

Claim 3. Under the condition D'{g) = 0, 

Q+Q* = 0^Ceig) = i2-d)-g. 

This will prove that Q + Q* = holds under the assumption of 
Theorem 12. H according to Lemma 13.51 and Claim [2], since the relation 
Cs{g) = {2 — d) ■ g is included in the definition a Frobenius manifold. 

Proof of Claim\^ In fact, by definition, Q + Q* = is equivalent to 

g{QXX)+9{X, Qr) = 0. 
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Computing the left hand side of the above relation, we get 
g{QX, Y) + g{X, QY) = g{D',X, Y) - g{CsX, Y) - ^ • g{X, Y) 

+ g{X, D',Y) - giX, CeY) - ^ ■ g{X, Y) 

= Sg{X, Y) - g{CeX, Y) - g{X, CeY) - {2 - d) ■ g{X, Y) 
= Ce{g){X,Y)-{2-d)-g{X,Y) 

= [Ceig)~i2~d)-g]iX,Y). □ 

However Q+ Q* = together with the assumption Q = imply 

Q + kQk = 0. 

The relation = kL(k holds because $^ = k^k. Hence (T^f — >■ 
M, Dh, $^ K, /i, W, Q) is a CV-structure. 

It remains to prove DeC = 0. As e is holomorphic, it is enough to 
prove 

(3.12) D'^e = 0. 

By the assumption of Theorem 12.11 we have = 0, and since 

$e = — Id this implies 

and therefore, 

D:($a,)(e)=0 Vz. 
Computing the above relation we get 

= -D%. + dt. o D'^e 
= 0. 

i.e.. 

On the other hand, D'{g) = holds as a consequence of Lemma 13.51 
and Claim [2], hence 

dg{X, Y) = giD'X, Y) + giX, D'Y), VX, Y G t£'°\ 

and therefore 

d^e, Y) = giD'^e, Y) + gie, D'^Y), VF G T^j'^K 

Take Y = dp. Then 

g{e, D'M = 9{e, dp o D'^e) = g{dp o e, D'^e) = g{D'^e, dp). 

As a consequence, since e is holomorphic and flat, 

= eg{e, dp) = g{D'^e, dp) + g{e, D'M = 2g{D'^e, dp) Vz, 

giving thus (13.121) . This ends the proof of Theorem 12.11 □ 
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3.2. Existence of a CDV©-structure: proof of Theorem 12.41 

Let . . . jM™') be a system of canonical local coordinates of M. 

We will denote = S^jq for a = 1, . . . ,m. The matrix K defined in 
Theorem 12.41 obviously satisfies 

K ■ K = Imxm- 

Therefore, the associated anti-linear endomorphism k, is an involution 
of T^'^\ We will check this k together with the Frobenius manifold 
structure define a CDV ©-structure on M. 

Let h be the sesquilinear form associated to /t and g as in Proposition 
Orm . Then 

(3.13) {haf3)mxm = diagdr^il, |?72|, . . . , \r]^\). 

Since g is non-degenerate, rj^ := g{ea, Ca) does not vanish and h is a 
Hermitian metric on M. Let D' be the Chern connection of h. Then 
the matrix uj of connection forms of D' satisfies 

uj = diag(91og|?7i|,(91og|r72|,--- ,d\og\r]m\). 

By a straightforward computation we get 

(3.14) c. = diagf^,^,...,^). 
So all uj^ are holomorphic 1-forms. 

Claim. The Chern connection D' of h defined by fl3.13p satisfies fl2.3p . 

The relation D'($) = is a consequence the following lemma. 

Lemma 3.15. Let M be a semi-simple Frobenius manifold M of di- 
mension m and let h be a non- degenerate sesquilinear form on M, with 
associated Chern connection D' . Let {u^, . . . ,«*") be a local system of 
canonical coordinates on M and let u = (cuf ) be the connection matrix 
of h in these coordinates. Then D'($) = is equivalent to 

• cjf (e« + Cfs) = 0, Va 7^ /3, if m = 2, 

• and, ifm>3, to 

o^f (e^) =0, V7 ^ «, 7 7^ « 7^ 

(e. + e/3) = 0, \/a^/3. 

Proof of Lemma \3.15[ By definition D'{^) = is equivalent to 
that is, to 

(3.16) D^J$eJ(e,) = D' ($ej(e,), Va,A7. 
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Assume that a,/3,7 are pairwise distinct. Then, because (m") are 
canonical, ^ed^'y) = and $5^(67) = 0, so 

Hence, for any such 7, Dg^($e^)(e-y) = D'^^{^ea){^'y) is equivalent 
to 

w?(e„) = 0. 

Assume now a ^ j3 and take 7 = a in the relation (13.161) . Then 



7 



7^a 



The last equality holds because uj^{ea) = 0, V7 7^ a, 7 7^ /9. So 
- D'^p{^e^){e^) = is equivalent to 

c^f (e« + e^) =0. □ 

We continue to prove Theorem 12.41 Since uj is diagonal, we have 
= according to Lemma 13.151 Let us now consider the other 
equation in (12. 3p . 

Lemma 3.17. Given any quadruple (M, D\ $, $"''), where M is a com- 
plex analytic manifold, D' is a (1,0) connection on T^^'^\ $ and $^ 
are C^-linear maps 

^ ^1,0 a1,o „ ^1,0 
^1,0 ^0,1 „ ^1,0 
Then the relation D'd + dD' = -($ A + $"1" A $) equivalent to 

where are any holomorphic local coordinates of M, and uj is the 
matrix of connection forms for D' . Moreover, C'-*-' and C^^^ are defined 
by relations (Elj and lfST^) . 

Proof. Straightforward computation. □ 

The quadruple (M, D' , $, $''') we defined above satisfies the assump- 
tion of Lemma I3.17[ so by Lemma 13.171 applied with canonical coordi- 
nates, we are reduced to proving 

(3.18) d~puid^) = [C(P),C^% V«,/?, 
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where the matrices C^°^ and C(^) are defined by (13.21) and (13. 3p in 
canonical local coordinates. 

Firstly, we will compute the right hand side of (13.181) . Obviously, in 
a system of canonical local coordinates of the Frobenius manifold, the 
matrices C^°^ satisfy 

'CW" = 1, if7 = a = /3. 



(3.19) 

Now we will compute C(^). 



C*^"^^ = 0, otherwise. 



= K ■ C(/3) ■ K 
= diag ^0, . . . , 



VP VP 
diag(0,... ,0,1,0,. ..,0) 

cm. 



Therefore, 



[C(/3),C'(")] =0, Va,/3. 
Now we just need to check 

e^Lj{ea) = 0, Wa,p. 

Since all rja = Qaa are nonzero holomorphic functions, we get that all 
= e-aVa/'^Va are holomorphic. Hence 

e^u2^{ea) = 0, Va,/5,7. 

This finishes the proof of the claim. The relation = Q is implied 
by the relation Q := D'^ — Ce — Id = 0, that we now prove. 

We again use a system of canonical local coordinates m". We can 
normalize it in such a way that 



Therefore, 

(3.20) ^e^a = —^a, Va. 

Let us now recall: 

Lemma 3.21 ([9]: Theorem 3.6, p. 31). Let {M,o, g,e,S) he a semi- 
simple Frobenius manifold and let u^,u^, . . . ,u"^ be a system of canon- 
ical local coordinates of M such that S = m^Cq . Then 

Csig) = (2 - d)g ^ C£g{du^,du^) = {-d) ■ g{du^,du^), Ma. 

Since the relation Cs{g) = (2 — d)g is included in the definition of a 
Frobenius manifold, by lemma 13. 21^ we have 

grja = {-d) ■ r]a, Va, 
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SO we have, 

Hence, for all a, we get 

2-d 

-d 2-d 
= — ■ e„ + e„ — ■ Id 

= 0. 

By Tlieorem l2.lt we conclude that (M, o, e, k) is a CDV©-struc- 
ture on M with Q = 0. □ 

Remark 3.22. For dimension two, under the assumptions of Theorem 
12. 4[ we get a CDV©-structure on M which is contained in the discussion 
of [12]. 



Qe„ = D'^e^ - Cse^ — ■ Id 



3.3. Comparison of three connections and non-Kahler prop- 
erty. In the proof of theorem 12. 7[ we will use a system of canonical 
local coordinates m^,^^, . . . We normalize the canonical local co- 
ordinates u^,u^, . . . ,u"^ in such a way that S = J2a u'^^a- 



Proof of theorem \2. 7\ We assume that k is V-flat. 

Claim. The matrix of connection forms lu^ for D' is diagonal in (m° 

Proof. Since D' = V, (12.31) implies 

($ A <l>"^ + A $) = -{D'd + dD') = -{yd + dV) = 0. 
By a straightforward computation, we get 

(3.23) [C^),C(")] =0, Va,/3. 

Using dSHD, imphes 



Taking z/ = a, 7 7^ a, we get 



(3.24) Ko^p ■ Kp^ = 0, Va, /5, 7 with 0^7. 

By the non-degeneracy of k, for any (3 there exists an index np such 
that K^^is 7^ 0. From relation (I3.24p . we have 



• ^/37 = 0' 7 with 7 ^ flp, 

Hence we get 

Kf3^ = 0, V7 ^ /i^. 
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That is, for any P, there exists a unique /Z/j, such that Kij^^^ ^ 0. 
Similarly, for any 7, there exists unique v^^ such that -^'1/^7 7^ 0. 

Assume that there exist a such that z/^ 7^ /iQ,. We will deduce a 
contradiction. By relation fl3.24p . we get 



Hence we get that either K^^a = or K^^^ = 0. This gives a contra- 
diction. 

So we conclude that for any a, there exists a unique z/^ such that 



(3.25) K^,^ ■ ^ 0. 

Since the relation fll.23p is included in the definition of a CDV-structure, 
by straightforward computations, we have 

(3.26) iu = -K- dK. 
By relations ^M), ^M) and ({326]), we get 

(3.27) ui = -6a(s ■ ■ dK,^^, Va, (3. 
Hence we conclude that 



Let rj be the metric potential in the coordinates m", i.e.. 

We want to prove that ei, 62, . . . , Cm are V-fiat, so we just need to prove 
all rja are constants, i.e. 

e^'nf3 = eaVp = 0, Va,/3. 
Claim. eQ,?7/3 = 0, Va,/3. 

Proof. We have shown that uj is diagonal, hence 
Let us recall: 



^^6/3 = ^«(ea) ■ ef3. 



Lemma 3.28 (P, proof of Theorem 3.3, p. 28-30). Let {M,g,o,e,£) 
be a semi-simple Frohenius manifold, and let u^,v?, . . . , he a system 
of canonical local coordinates of M. Then 

_ 1 „i -1 

For a ^ 13 we have 

^ 2 '" ' 2' 



^ 1-1 1-1 

VQe/3 = -?7„ e/3r7„ ■ + -77^ e„?7/3 ■ ep. 
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By Lemma [3.281 for a 7^ /3, we have 

1 1 

From D' = V we get 

Comparing the coefficients of ep gives 

(3.29) e^rii3 = 0, Va ^ (3. 
Lemma [32H] and (Km give 

(3.30) V„e„ = ^-r]~^ ■ (e^i^a) ■ e„ 
and 

(3.31) V«e^ = 0, Va 7^ p. 
Recall also that the unit e = ^ is V-flat, i.e. 

(3.32) Ve^e = 0, V«. 
By relations (l330l) . (ICTl) and (IT321) . we get 

Va^(iaVa " e„ = 2 ■ Ve^Co = Ve^C = 0, 

i.e. 

(3.33) CaTIa = 0, Va. □ 
From the claim, we get 

drja = 0, Va. 
Since all rja are holomorphic, we get drja = 0, Va, i.e. 

(3.34) dgaa = drja = 0, Va. 

Hence we conclude that m^, m^, . . . , m'" are V-flat holomorphic local 
coordinates of M. Arguing now as in Theorem \2A\ we conclude that 
Q = 0. 

Moreover, if h is positive, since haa = K^a ■ > 0, we get 

z/q, = a, Va. 

So we conclude that 

Arguing now as in Theorem 12.41 we conclude that the matrices of k 
and h are expressed as in Theorem 12.41 in (m"), which ends the proof 
of Theorem 12. 7[ □ 

Proof of Theorem \2.1(A ([T]) . Recall that we set h = ^ — iu) and we have 
Q = g{-, J-). The relation rfcD 7^ is a consequence the following lemma. 
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Lemma 3.35. Let M be a complex analytic manifold. Let h be a 
Hermitian pseudo-metric on it. Let —Q be the imaginary part of h. 
Denote by D the Chern connection of h. Then 

dQ = 0^ D'xY - D'yX = [X, Y], VX, Y e T^^'^l 

Proof. Let t^, . . . ,t™ be any system of holomorphic local coordinates 
ofM. Then 

(3.36) ^=lYl ^^^^^^ ^ 
hence 

d^=i^^ dtphkidtP Adt'' Adt^ 

k,l,p 

= \^tvhui - dt,hpi]dtP A dt^ A dtK 

k<p,l 

It follows that 

(3.37) duj = dfkhij = dtih^j, \/i,j, k. 
Similarly, we get 

(3.38) 9a3 = -v^ dtkhji = dphjk, k. 

Since h is Hermitian, this implies dQ = <S=^ du) = 0, and therefore 

du = ^du = ^ du = 0, 
which is equivalent to 

(3.39) dtk hij = dp hkj , Vi , j, /c . 

Denote by the connection forms of D' with respect to {f). Since 
(t*) are holomorphic, we have 

(3.40) ui = (dh ■ h'%. 

By relation (I3.4UI) . we conclude that relation fl3.39p is equivalent to 

u;l{d,k)-u;i{d,.) = 0. 

However, the above relation is equivalent to 

D'a,.dt^ - D'Q,,df - [dt., dt.] = 0, \fz,j, 

i.e. D' is torsion free. □ 

So, by Corollary 12.91 and Lemma Hi. 35^ we conclude that dD 7^ 0, i.e. 
Q is not a symplectic form on M^. □ 

Proof of theorem \2.10\ (j2l). Assume that IZeD' = VTZe, we will derive 
a contradiction. 
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Lemma 3.41. Let M be a complex analytic manifold. Let h be a 
Hermitian pseudo-metric on it. Let 'g be the real part of h. Denote by 

V the Levi-Civita connection of^. IfTZeD' = VTZe, then D' is torsion 
free. 

Proof. Since TZeD' = VTZe, then for any X, F G set X = 

Xi + 1X2, Y = Yi + iY2, where Xi^Yj G Ta/^. By a straightforward 
computation, we have 

D'xY = ne{D'xY) + ilm{D'xY) 

= ne{D'xY) - iTZe{D'xiY) 

= TZeiD'^J + tD'xJ) - iTZe{iD'xJ + i'd'^J) 

= ne{D'^Y + D'^,^iy) - iTZeiD'^^iY - D'^J) 

= ne{D'xY) + ne{Dx,Ty) - iTZeiD'^^TY) + iTZeiD'^J) 

= Vx,ne{Y) + Vx.7^e(^r) - xJle{TY) + iVx,ne{Y), 

= Vx.Yi - Vx,Y2 + iVx,Y2 + iVx.Yi, 

= (Vx,n - Vx,Y2) + i{Vx,Y2 + Vx,Y,). 

The sixth equahty holds because of TZeD' = VTZe and Xi,X2 G T/vf^. 
Similarly, we get 

D'yX = (Vy.Xi - Vy.Xa) + i{Vy,X2 + Vy.Xi). 

Since V is a torsion-free connection, i.e. 

Vw.W, - Vw,W, = [W,, W,], VW„ W, G Tm^, 

we obtain 

D'^Y - D'yX = (Vx.yi - Vx,Y2) + t{Vx,Y2 + V x.Y^) 

- (Vy.Xi - Vy,X2) - z(Vy,X2 + Vy.Xi) 

= {[Xi, Fi] - [X2, 1^2]} + i{[Xi, Y2] + [X2, Fi]} 
= [X,F]. 

That is, D is torsion-free. □ 

By Corollary 12.91 D' is not torsion-free. However, by Lemma 13.411 
we get that D is torsion-free. This gives a contradiction. 

In order to end the proof of Theorem 12.101 ^ , it remains to see that 

V and V cannot coincide. Let us now assume that t^, t^, . . . , t"* are 
V-fiat holomorphic local coordinates of M. Set P = + iy\ then 
X"*^, • • • , x™, ?/"^, . . . , is a system of real local coordinates of Mr. 

Claim. IflZeSI = WlZe, then x^, . . . , x"^, y^, . . . , are V-fiat. 

Proof. Indeed, for any X in Tj^'^\ we then have 7^e(VX) = V7le{X). 
Applying this to X = dtj (resp. X = idp) gives the V-flatness of d^j 
(resp. dyj). □ 
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So didxiyd^j), 'gi^d^i , dyj) , and g{dyi,dy]) are constants, hence all 
u}{dxi, dyj) = 'g{dxi, Jd^i) are constant. Similarly, all uj{dxi, d^j), uj{dyi, d^j), 
and Lj{dyi,dyj) are constant. 

By relation fl3.36l) . we conclude that all hki are constant and from 
f l3.37p and fl3.38p this implies dQ = 0. We conclude as above to a 
contradiction. □ 

Proof of Corollary \2.11\ Let t^, t^, . . . , t*" be a system of V-flat holo- 
morphic local coordinates of M such that e = dt^. Denote by a;^ the 
connection forms of D' with respect to f. Assume that the matrix 
h = (hij) is diagonal. We will derive a contradiction. The matrix h^^ 
is then also diagonal. It follows from (13.401) that 

ul = 0, Wi^ j. 

For any CDV-structure, it follows from ^M>, <^Lm and Claim [2] that 
the Chern connection D' and g satisfy 

(3.42) D'{g) = 0. 

Under the condition a;^ = 0, \/i ^ j , fl3.42p is equivalent to 

(3.43) (ujl + ujj)g,,=0, Vz,j. 

By the non-degeneracy of g, we know that, for any j, there exists a kj 
such that gjk^ ^ 0. So from (I3.43p . we deduce 

(3.44) '^i = -^v 
Claim, cuj = 0, Vj. 

Proof of the claim. For any j, set Kj = {i \ gji 7^ 0}. If j G Kj, the 
claim follows from f l3.44p . Assume now that j ^ Kj. The above claim 
can be deduced from the following lemma. 

Lemma 3.45. Given any quadruple (M, V, D'), where M is a com- 
plex analytic manifold, V is a flat holomorphic connection on T^]'^\ ^ 
is a holomorphic symmetric Higgs field on M such that V($) = 0, and 
D' is a (1, 0) connection on Denote by t^ ,t'^ , ■ ■ ■ , a system of 

holomorphic V-flat local coordinates of M , and by uj the connection 
forms for D . Then 

/}'($) = ^ Tkj = Tjk, Vj, A; G {1, 2, . . . , m}, 

where T^j := [C^''\uj(j)], the matrices C^^^ are defined by the relations 
(13. 2p . and u{k) are defined by 

uj{k) := (u;^(9ifc))mxm- 

Proof of Lemma \3.45\ D'($) = is equivalent to 



26 JIEZHU LIN 

Computing D'g^^{^Q^J{dt,) we get 



I I 



= -J2dAQM^ -Y,C^k'D'sJ,. -Y,^\{d,,)^a,M^ 

I I I 

I i,p i,p 

Computing Dq {^g ){dti) similarly we get 

ik t-J 

I i,p i,p 

Because of the assumptions = and V($) = 0, we conclude that 

- Yl = - E (^*/)^*' , Vz, J, A; G {1, 2, . . . , m}. 

I I 

So = is equivalent to the following relation 

i,p i,p 



l,p l,p 



I.e. 



dtp. 



J2 [Cik'^fidt.) - ujlidt.w] dtp = J2 [c^Mi9t^) - ^lidt^)C/ 
i,p i,p 

So = is equivalent to 

[Cklu^'Adto) - CuM{dv)\ = J2 [cMidt^) - CMidt.) 
I I 

k,p E {1,2,..., m}, which is the desired relation. □ 

Let us continue to prove the claim. Since for any CDV-structure, the 
underlying quadruple (M, V, -D ) satisfies the assumption of lemma 
I3.45[ and the relation D ($) = is included in the definition of a 
CDV-structure, we get 

(3.46) [C'^^\u{k)] = [C'^'\u{j)], \fk,j. 

Note also that Cji'' = 6jq because dtj^ = e. So for any p, q, from relation 
fl3.46p . we have 
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Taking p = l,q = j, we get 

(3.47) uj'^{d,.)=u;l{d,.), yk^j. 

For any k, because dime M > 3, there exists j ^ k such that there 
exists kj G Kj with kj ^ k (otherwise, there would exist k such that, 
for any j ^ k, we have Kj = {k}; this would imply that the matrix [gji) 
has zero entries except in the kth line and the kth column, so its rank 
is at most two, which contradicts its invertibility when dimM > 3). 
Then, by IKM^ and (Km . 

ul {dtk ) = ujj {dtk ) = -ujI"^ {dtk ) = -ul {dtk ) , V/c, 

hence ul = and ujj{dtk) = Wk ^ j . On the other hand, if kj G Kj, 
we have j ^ kj, so 

cujidt,) = -^';(9i.) = -Lulidt.) = 0. □ 

The claim implies 

D'^t^ = J2'^i^i = 
j 

Hence we have 

Vdtj =0 = D'dt., \fj, 

that is, 

D' = V. 

However, by Corollary 12.81 we know that D' ^ V. This gives a contra- 
diction. □ 

4. Applications 

4.1. Some consequences of Theorem 12.11 Given any Frobenius 
manifold M of dimension m, if we suppose that g{e, e) = and that the 
eigenvalues of V£ are simple, then by Proposition 11.81 we can choose 
V-flat holomorphic local coordinates , . . . of M such that the 
relations ([L9l), ffTTOD . ffLTTD . ffrT2D . ffLT3D . ffTTD and ffTTHD hold. 
We will give a local expression of the relations given in the definition 
of CDV-structure in these local coordinates. Let us denote by u the 
matrix (cj^) defined by 

(4.1) D'd,, = Y,^id,, 

I 

in any system of holomorphic local coordinates t^, t^, . . . , of M. 

Lemma 4.2. Under the assumptions of Theorem \2.1\ and Proposition 
li.gl the relation D'[g) = is equivalent to Luj + cu^^j^Z* = 0, Wi,j G 
{1,2,. ..,m}. 
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Proof. By definition, 

Dh{9) = 0. 

is equivalent to 

= dgij = g{Dhdt^,dt,) + g{dt>, Dhdp), 

that is, to 

k k 

Now gij = 5j+j,m+i holds, so this is equivalent to 

+ = 0, vz,j, 

and changing notation, this is equivalent to 

uji + u^ = 0, V*,jG{l,2,...,m}. □ 

Remark 4.3. Under the assumptions of Theorem 12.11 and Proposition 
II. 8[ we can get the relation D'{g) = in another way. In fact by 
Lemma [331 we have 

= g-h- g, 

so 

k 

So we get 

m+l— fc,»n+l— j + ^ hik ■ dhm+l-k,m+l-j = 0. 
k k 

Now we compute first, we get Wi,j G {1,2,..., m}. 



hence we have 



CO, 



J^dhik-h^' 

k 

dhik ■ gki ■ hip ■ gpj 

k,l,p 

dhik ■ gki ■ hi 

,m+l— j 

k,l 

^ ] dhik ■ hm+i-k,m+i-j: 



m+l-j — ^ dhm+l-j,k ■ hm+l-k,: 
k 



^ ^ dhm+l-j^m+l-k ■ hki 
k 

^ ] dh, m+l -k, m+l-j ■ ^ifc 



A: 



^i + ^m+l-j - U- 
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Remark 4.4. Under the assumptions of Theorem 12.11 and Proposition 
II. 8[ we get 

(1) m = 2 imphes that = uf = 0, 1^2 = so if we want to 
compute all Uj, we just need compute cjJ. 

(2) m = 3 implies that ul = uf = = 0, cuf = —uf, = 
—ujI, tuf = —ujI, so if we want to compute all cj], we just need 
compute Lul, uf, uj\. 

Lemma 4.5. Under the assumptions of Theorem \2.1\ and Proposition 
li.gl ifm = 3, then the relation = is equivalent to the following 

three relations 

< Lolidta) = C223Ujl{dt2) + Ujl{dt2) - C222i^l{dt2), 
^UjKdts) = C223Ujl{dt2) - C233Ujl{dt2). 

Proof. Because Lj{e) = 0, we just need to compute uj{dt2) and u^dts). 
From Lemma [3.451 we know that = is equivalent to Tjk = Tkj 

Vj, /ce{l,2,...,m}. 

Because when j = k, the above relations hold automatically, so the 
non-trivial cases are that j = 2,k = 3 or j = 3,k = 2. However 
j = 2, k = 3 and j = 3, k = 2 give the same relations. 

Step 1° Take p = 3. We have 

Tk, = C2^kuji{dt,) + g^kUJl{^^,) - ujf-'idt,) 
By the relation + u^'^lz] = we have 

Tkj = -C2^kU^l{dt.) - g^kUJl{^^,) - oot'idt,) 
If 2 = 1, then we get 

= -gu2ujl{d,,) - gtiujlid,,) - ujt'id,,). 
Then T23 = T32 is equivalent to 

(4.6) ujl{dt3)=ujl{dt2). 
If i = 2, then T23 = T32 is equivalent to 

C2220oKdts) + Oolidt^) + Ujlid,^) = C223Ujl{dt2) + + ^^'(^tO- 

ufidt^) = ujl{dt2) and u^^^-' = hold, so 

(4.7) C222Ujl{dt2) + iolidts) - C223Ujf{dt2) - Ujl{dt2) = 0. 

If i = 3, then T23 = T32 is equivalent to 

(4.8) ^223^^9*2) - C233ujlid^2) - ulide^) = 0. 
Step 2° Take p = 2. we have 

Tkj = C3ikujlidp) - gikujlidp) -'^C2kiL^l{dp) 

I 
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If i = 1, then T23 = T32 is equivalent to 

(4.9) C2220ol{dt2) + Ulidts) - C2230of{dt2) - ^^'(^tO = 0- 

If i = 2, then T23 = T32 is equivalent to 

(4.10) C223Ujl{dt2) - C233Uj!{dt2) - Ujl{dt^) = 0. 

If i = 3, then T23 = T32 is equivalent to 

(4.11) C223Ujl{dt3) - CsssUjl{dt2) - C223Ujl{dt2) + C2220ol{dt^) = 0. 

Step 3° Take p = 1. we have 

Tkj = C'iikUj\{dtj) + C2ik^l{dtj) — C3ki^^l{dtj) . 

I 

If i = 1, then computing it directly we have 

(4.12) C223Ujl{dt2) - C233i0f{dt2) - oolidts) = 0. 

If i = 2, then we have 

(4.13) ^223^1^(5*3) - C333^l(5i2) - C2230ol{dt2) + C222^2' (-9*3 ) = 0. 

If i = 3, then we have 

(4.14) C,,3Ujlidt2) - C233^!(5t3) + C233Ujl{dt2) - C223^2('9t3) = 0. 

So we just need five relations (iJ]), (|12D, (SS]), (l4ATi) and KWl . 
i.e., 

ujlidfs) = ujl{dt2), 
^222^^1^(5*2) + i^lidt^) - €223^^1 (dt^) - ^lidf^) = 0, 

^223^^1 (5*2) - ^233^^? (5*2) - uKdta) = 0, 
^223^1 (5*3) - C333Ujl{dt2) - C223Ujl{dt2) + (7222^^2(5(3) = 0, 
^333^^} (5*2) - C233^lidt3) + ^233^^2 (5*2) - 6*223^^2(5*3) = 0, 

Claim. The relations '^''^d (^"^ together with WDVV-equation 

imply the relations ^4-11^ and Ili4-14\ )- 

In fact, m = 3, so WDVV-equations is just 

(4.15) (C*223)^ ~ C222 ■ C'233 ~ C*333 = 0. 

From the relation fl4.7l) we get 

(4.16) ^}(5(3) = -C222^!(5i2) + C223^l(5*2) + Ujl{dt2). 

From the relation fl4.8l) we get 

(4.17) a;2'(5*3) = C223^!(5*2) - C233Cc'?(5(2). 

So computing directly we prove that relations fl4.15p . (14.161) and 
KTTh imply relations KTT\) and (l4lH . □ 
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Remark 4.18. Under the assumptions of Theorem 12.11 and Proposition 
II. 8[ if m = 2, then the relation = is equivalent to 

D'^dt2 = dt2 o D'^e. 

From = and D'^e = 0, we have a;J(e) = 0, i.e., ehij = 0, 

G {1,2}. So computing ul, we just need to compute uKdfi). 

Lemma 4.19. If m = 2, under the assumption of Theorem \2.1\ and 
Proposition I i . gl we have h{a, b) = g{a, nb), = Id, which are equiva- 
lent to the following relations: 

' |/ll2p + /lll/l22 = 1, 

< hrvhyi = 0, 

^ h22hl2 = 0. 

Proof. Straightforward computation. □ 

Remark 4.20. If h is positive, then ha > 0, so h is diagonal 

h = diag(/iii, h^^). 

Otherwise if hu = or = 0, we get 

^11 = ^22 = and \hi2\ = 1. 

Lemma 4.21. If m = 3, under the assumption of Theorem \2.1\ and 
Proposition \1.8[ we have h{a,b) = g{a,Kb), = Id, which are equiva- 
lent to the following relations: 

' hnhs-s + hi2hs2 + |/ii3p = 1, 

2/l2l/i23 + {h22f = 1, 

hllh23 + hi2h22 + /il3/i21 = 0, 

< 

2/iii/ii3 + {hi2? = 0, 

^12^^33 + h22h23 + /il3/i32 = 0, 
. 2/113/133 + (/i23)' = 0. 

Proof. Straightforward computation. □ 

Lemma 4.22. Under the assumptions of Theorem \2.1\ and Proposition 
Q= Q} is equivalent to the following relation 

{S -S)h = h- A- A - h, 

where the matrix Aij = Sijdi. That is 

{£ - S)hij = {dj - di) ■ hij,\fi,j. 
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Proof. Q = D'^-C£-^ -Id, SO 

2 - d 

h{Q{dp),dto) = h{D'^dp,dt,) - h{C£dp,dtj) ^^^i 



2 - d 

{uj{S) ■ h)ij + di ■ hij —hij 



similarly, we have 



2-d. 



{uj{8)- h)ji + dj ■ hij T^hij 



0.= ^ means that 



{uj{£-) ■ h)ij + di ■ hij = {iu{S) ■ h)ji + dj ■ hi 



We will simplify uj{£) ■ h and uj{£) ■ h in the following 
uj{S) ■ h = S{h) -h-^ ■h = S{h). 

So 

uj{S)-h = S{h) =S(h) =S{h'). 

Similarly, we have {uj{S) ■ h)ji = £{hij). 
So Q = Q''" is equivalent to 

{£{h)-£{h)),j = {dj-di)-hij = {h-A-A-h)ij, □ 

Remark 4.23. For m = 2, under the assumptions of Theorem 12.11 and 
Proposition 11.81 if h is positive definite, then h = diag(/iii, h^^), hence 
Q = QMs equivalent to the following relation 



Shu = £h 



11- 



From above discussion, we know that given any Frobenius manifold 
(M, g, o, e, £) of dimension two and an anti-linear involution n of T^''^\ 
they defined a positive CDV-structure if and only if the following rela- 
tions hold 

' h = diag{hu,h^l), 
hu = hu(t2), 

Wdt2 \oghu = hj,\dlF\' -hi,\ 
£hu = £hii. 

The integrability of these equations is proved by Atsushi Takahashi 
in [12] , here "integrability" means that there exist a real analytic func- 
tion hii on M such that it satisfies the above equations. For m > 3, 
the sufficient and necessary conditions of CDV-structures simplify the 
equations in the definition of the structure, but it is still not easy to 
see the integrability of the determined equations of h. 
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4.2. Application to harmonic Probenius manifolds. In this sec- 
tion, we exhibit a harmonic potential P (in the sense of pjj) for the 
CDV© structures given by Theorem 12.41 from which we keep the nota- 
tions. Recall that P is an endomorphism of T^^'^^ which is in particular 
a solution to 

'd'p = $, 

D' = v - [p^$]. 

We denote by {P^) the matrix of P in the fixed system of canonical 
local coordinates, i.e. 

/3 

From Theorem 12.41 and Lemma 13.281 we deduce that the relations 

^Le^ = Ve.e^-[Pn$eJ(e;3). Va,/3 
are equivalent to 



(4-24) P^ = -J^.r^p, V«^/?, 



where tj^^ := CaVis = e^e^r]. 
By a similar computation, 

D^jP)(e^)=$e.e^, Va,/3 

are equivalent to 

e«(P;) = PJ ■ [ulieo.) - u^ie^)], Va ^ /5, V7, 
So if we take the matrix of P as follows 



(4.25) 



'P',=-U^ 



then the endomorphism P satisfies D'P = $ and D' = V — [P^ It 
is easy to see this P also satisfies 

P* = P, 

Set V := - ^ ■ Id. We will deduce the relation Q = V + [P^ W] in 
the following. 

Since 

P^i=^c.-P^-Kpp, 
computing the right hand side directly, we get 



(4.26) 



Pt = 4Mya^(3. 
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By straightforward computations, we get 
(4.27) 



By a similar computation, we get 



Ve O = ■ + > ■U'^ — U ) ■ ■ en. 



Hence we get 



(4.28) Ve^ = y2iu^-u-)-^-e,. 

By relations fl4.27p and (14.281) . we conclude that 

V+ [P^W] = = Q. 

So we have proved 
Proposition 4.29. The CDV®- structure constructed from Theorem 



2.4 is a harmonic Frobenius manifold with the harmonic potential P 



given by (I4.25p . 
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